We investigate to apply tuned mass dampers (TMDs) (one in the fore-aft direction, one in the side-side 7 direction) to suppress the vibration of a monopile wind turbine tower. Using the spectral element method, 
Introduction

26
Wind power has become an important source of green energy with continued substantial increases in 27 investments. The proportion of global wind power capacity in the total energy generation capacity 28 tower.
which the mass is linked to the structure to be stabilized via the springs and the dampers. The 23 mechanism is that the TMD is tuned to a particular structural frequency and thus will resonate and 24 dissipate input energy via the dampers when the structure is excited at that particular frequency. of freedom that contributed most of the loading. In this paper we only consider the monopile top of the wind turbine tower). The exciting loading was a combination of a deflection step input, 10 and a constant thrust moment which was obtained through FAST-SC simulation at rated wind 11 speed. Finally they conducted a simulation in the FAST-SC using the optimal TMD, which showed 12 substantial fatigue load reduction.
13
We did a simulation for the fore-aft and side-side deflections of the NREL 5-MW monopile wind 14 turbine tower at a certain time instant using FAST, which was shown in Figure 2 , from which 15 one can see clearly that the wind turbine tower is not a rigid inverted pendulum as in Stewart details about the SCOLE model, we refer to these four papers which contain many references for 32 previous work (controllability, observability, stabilization by static feedback etc) in the framework 33 of infinite-dimensional systems which are systems described by partial differential equations 34 (PDEs). As you will see in Section 3.1, the flexible beam in the SCOLE model is described by a
35
PDE. This SCOLE system is very suitable to model the monopile wind turbine tower, which has 36 the bottom end clamped in the ocean floor and the upper end linked to the RNA. Finally, we talk about the NREL 5-MW baseline wind turbine model. In Section 3, we introduce 9 the infinite-dimensional model of a monopile wind turbine tower stabilized by a TMD system 10 located in the nacelle, denoted by Σ. We then reformulate it to state space format. Subsequently we 11 discretize Σ along the tower span using the spectral element method to derive its finite-dimensional Section 5, we carry out simulations using the NREL 5-MW monopile wind turbine model within 21 FAST/FAST-SC to test the effectiveness of our optimal TMDs. Section 6 concludes this paper. AeroDyn is a subroutine, developed by NREL, to compute aerodynamic forces along the blades, 
where the subscripts t and x denote derivatives with respect to the time t and the position x.
38
The equations ( through the translational velocity of the RNA (tower-top translational velocity) w t (l, t) and the t) )) generated by the TMD system.
9
The state of Σ at the time t is 
Here H n (n ∈ N) denotes the usual Sobolev spaces. Zhao and Weiss (2015) proved that Σ is 15 strongly stable on X. In this section we use the spectral element method to discretize the infinite-dimensional TMD-18 stabilized monopile wind turbine tower model Σ (3.1)-(3.5) in spatial domain to achieve our purpose 19 for fast simulation and TMD optimization. For this purpose, we normalize the spatial domain 20
x ∈ (0, l) of Σ to the standard domain x ∈ (−1, 1).
21
The first step is to obtain the weak form of the governing equation. Multiplying both sides of 22 the equation (3.1) with a weight function u(x) and integrating over the domain x ∈ (−1, 1) yield
Using integration by parts, we have
As in the finite element method, the weight function here is required to satisfy the essential bound-
Substituting equations (3.3)-(3.4) and (3.11) into (3.10), we get the weak form
Moving all the terms containing time derivatives to the left-hand side of the equation and all other 2 terms to the right-hand side, we have
Now we introduce two new variables 
The second step is to approximate the solution using high-order basis functions. Specifically,
where the basis function ψ n (x) needs to satisfy the essential boundary conditions
where T n (x) is the n th Chebyshev polynomial (see Boyd, 2001 ).
Similarly,
and it is obvious that 
and each element of the matrices is given by
Note that E, A 21 , A 22 ∈ R (N +1)×(N +1) and A 23 , A 24 , B 21 , B 22 ∈ R (N +1)×1 .
6 Equation (3.5) can be written as
Substituting (3.20) for v(x, t) and (3.17) for w(x, t) into (3.32), we get
where A 41 , A 42 ∈ R 1×(N +1) and
By the relations (3.15) and (3.21), the finite-dimensional model can be formulated as and I is the identity matrix of appropriate size.
2
Note that the statesŵ andv are spectral coefficients, rather than the values of w(x, t) and v(x, t) 3 in the physical space. Thus we need to transform between the spectral space and the physical space.
4
For example, to simulate tower movements and derive the tower deflection w(x, t), we need to spec- 
12
Such a T is guaranteed to be nonsingular. Now it is evident that not only able to conduct TMD designs using H 2 optimization, but also able to simulate the tower 6 dynamics (for example using the MATLAB built-in function lsim). The fitted curves of ρ and EI are shown in Figure 4 .
30
We use the same loading data for our model Σ d (3.48) -(3.49) (i.e. its force F e and torque T e 31 inputs) and the FAST-SC code, which is generated by TurbSim using IEC von Karman turbulence 
Optimization of TMDs for load reduction of a monopile wind turbine tower 1
In this section, we employ H 2 optimization to design optimal TMD for the monopile wind turbine the largest deflection occurs at the tower top when the first mode is excited, which is the dominant 7 mode of monopile wind turbine towers. Thus, to achieve optimal suppression of the vibrations of (see Zuo & Nayfeh, 2002 ). Here we use the frequency-limited version of the H 2 -norm (4.50) 
11
We mention that the discretization resolution (i.e., the number of collocation points) we used 12 for conducting model verification in Section 3.3 as well as for optimizing TMD above is N = 13.
13
Ideally, the value of N should be independent of the H 2 -norm (4.50), which implies that as N 14 increases, the H 2 -norm of H should converge to a small range. Table 1 lists its values in the fore-aft 15 direction with N increasing from 9 to 17. Clearly, it converges to a small narrow range between 16 between 1.890 × 10 −6 and 1.895 × 10 −6 , which means that the relative error is less than 0.27%.
17
The result for the H 2 -norm of H in the side-side direction is similar and thus omitted. 19 We now test our optimal TMD designs based on the simulations of the NREL 5-MW baseline Table 2 . Simulation results of the average damage equivalent loads (DEQL) at the monopile base of the NREL 5-MW baseline monopile wind turbine model for the cases of sole tower (no TMD), tower stabilized by a fore-aft TMD, tower stabilized by a side-side TMD, tower stabilized by both (the fore-aft and side-side) TMDs. The data outside the brackets are obtained using our optimal TMDs while the ones in the brackets are obtained using TMDs designed in Stewart and Lackner (2013). "Load A" denotes a wind input with mean speed of 10 m/s and turbulence intensity of 15%, and a wave input with significant wave height of 2 m. It's generated twice by two different random seeds with DEQL being averaged values under both excitations. "Load B" denotes a wind input with mean speed of 18 m/s and turbulence intensity of 15%, and a wave input with significant wave height of 3.5 m. It's generated twice by two different random seeds with DEQL being averaged values under both excitations as well.
Simulation tests
No TMD Fore-aft TMD Side-side TMD Both TMDs The wind inputs are generated by TurbSim using IEC von Karman turbulence model with 7 turbulence intensity of 15%. The power law exponent is set to be 0.14. The waves are irregularly height of 2 m. We take averages for the DEQL simulation results with these two types of inputs.
15
The other two inputs are also generated by different random seeds based on the same mean wind 16 speed of 18 m/s (above-rated, in control region 3) and same significant wave height of 3.5 m. We 17 take averages for the DEQL simulation results with these two types of inputs as well. We simulate 18 three cases: the sole tower case (i.e., without TMDs), the case using the optimal TMDs obtained TMDs, we consider three kinds of TMD configurations: only the fore-aft TMD, only the side-side 21 TMD, and both (the fore-aft and side-side) TMDs.
22
We use the MLife code provided by NREL to compute DEQL, which employs a rainflow counting to Hayman (2012) . Table 2 lists the DEQL at the monopile base of the NREL 5-MW baseline and Lackner (2013) under the wind and wave inputs mentioned above. It is noticeable from Table 2 1 that we get similar vibration control results as Stewart and Lackner (2013). But our control design 
Conclusions
10
We have successfully used a TMD system to suppress the vibration of monopile wind turbine in Taipei.
19
We made infinite-dimensional model Σ (3.1)-(3.5) of the monopile wind turbine tower-TMD 20 system applicable to our optimization scheme by discretizing its PDE formulation along the tower's 21 span to derive its finite-dimensional version Σ d (3.48) -(3.49) using the spectral element method. 
16
We would like to mention that the control design method of this paper can be extended to Engineering, 129 (7), 845-856. 
